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Abstract—The computation of equilibria in games is a chal-
lenging task. The literature studies the problem of finding Nash
equilibria with complete-information games in depth, but not
enough attention is paid to searching for equilibria in Bayesian
games. Customarily, these games are reduced to complete-
information games and standard algorithms for computing Nash
equilibria are employed. However, no work studied how these
algorithms perform with Bayesian games. In this paper we focus
on two-player strategic-form games. We show that the most
efficient algorithm for computing Nash equilibria with GAMU T
data (i.e., Porter-Nudelman-Shoham) is inefficient with Bayesian
games, we provide an extension, and we experimentally evaluate
its performance.

Index Terms—Algorithmic game theory, Bayes-Nash equilib-
rium, enumeration algorithm

I. I NTRODUCTION

Non-cooperative game theory provides elegant models and
solution concepts for situations wherein rational agents can
strategically interact [1]. The central solution concept is Nash
equilibrium: it defines how agents should act in settings where
an agent’s best strategy may depend on what the others do.
Any game is proved to admit at least a Nash equilibrium,
however its computation is known to be hard [2]. In this paper,
we focus on Bayesian two-player strategic-form games [3],
i.e., games wherein information is uncertain, and we study
algorithms for the computation of their equilibria. The appro-
priate solution concept for this class of games is Bayes-Nash
equilibrium [3]. The motivations behind our work follow.

The first motivation is that most real-world strategic sit-
uations present uncertainty and therefore can be modeled as
Bayesian games. In negotiation settings, such as, e.g., bilateral
bargaining [4], [5] and auctions [2], negotiators are uncertain
over the parameters of their opponents, e.g., reservation prices,
discount factors, and deadlines. In security settings, such as,
e.g., strategic mobile robot patrolling [6], patrollers can be
uncertain over the intruder’s preferences.

The second motivation is that the literature does not study
algorithms for computing Bayes-Nash equilibria in depth.
More precisely, a Bayesian game is solved by reducing it
to a complete-information game and then computing a Nash
equilibrium in the reduced game [2]. The literature provides a
detailed comparison of the algorithms for the computation of

Nash equilibria in complete-information games [7], however
these results cannot be generalized to the Bayesian case.
We explain the reasons. On the one hand, Bayesian games
can present characteristics different from those of complete-
information games, which usually admit equilibria with small
supports [8].1 On the other hand, the reduction to complete-
information games raises several problems in the application
of algorithms for computing Nash equilibria. The exact al-
gorithms for two-player complete-information strategic-form
games are: Lemke-Howson (LH) [9], based on linear com-
plementarity problem, Porter-Nudelman-Shoham (PNS) [10],
based on support enumeration, and Sandholm-Gilpin-Conitzer
(SGC) [7], based on mixed integer linear programming.2 It
is known that the most efficient reduction (i.e., thesequence
form [12]) makes LH inapplicable, requiring alternative (less
efficient) algorithms for linear complementarity problems. In
this paper, we show that such reduction makes the most effi-
cient algorithm with GAMUT [13] data (i.e., PNS) inefficient.

The main contribution of this paper is the extension of
PNS to Bayesian games (called B-PNS) and a thorough ex-
perimental evaluation. B-PNS directly works on the Bayesian
game without requiring any reduction and it is based on new
heuristics shapedad hoc for Bayesian games, new pruning
techniques, and efficient enumeration algorithms based on
branch-and-bound techniques. In the experimental evaluation,
we compare B-PNS with respect to two mathematical pro-
gramming formulations: the linear complementarity formu-
lation (called B-LC and easily derived from LH [2]) and
the mixed integer linear one (called B-SGC and obtained
by extending SGC). We solve these formulations by using
standard operational research solvers [11], [14], [15]. B-PNS
significantly outperforms PNS (applied to the reduced game)
for any game and outperforms B-SGC and B-LC for games
with a small number of types, while it is outperformed for
games with a medium-large number of types (with these
games B-LC outperforms B-SGC in some cases and it is
outperformed in others).

1The agent’s support is the set of actions played with non-null probability.
2Rigorously speaking, SGC provides a mathematical programming formu-

lation and several methods to speed up the resolution in CPLEX [11].



The rest of the paper is organized as follows. The next
section introduces the concept of Bayesian game and surveys
the algorithms proposed in the literature. Section III extends
PNS to Bayesian games. Section IV provides B-LC and B-
SGC formulations. Section V experimentally evaluates the
algorithms. Section VI concludes the paper.

II. BAYESIAN-GAMES AND KNOWN ALGORITHMS

The game theory literature provides three equivalent defi-
nitions of Bayesian game [2]. We refer to the most common
one, i.e., the definition based on the notion ofepistemic type.
Basically, each agent can be of different types, distinguishing
each other in the values of the payoffs. We callepistemic
type formof a Bayesian game a tuple(N, A, Θ, Ω, u), where:
N = {1, . . . , n} is the set of agents;A = (A1, . . . , An) is the
set of agents’ actions andAi is the set of actions available
to agenti; Θ = (Θ1, . . . , Θn), whereΘi = (θi,1, . . . , θi,mi

)
is the set of types of agenti and θi,j denotesj-th type of
agent i; Ω = (Ω1, . . . , Ωn), where Ωi = (ωi,1, . . . , ωi,mi

)
is the set of probabilities assigned to the types of agenti and
ωi,j denotes the probability assigned toθi,j ; u = (u1, . . . , un),
whereui = (ui,1, . . . , ui,mi

) is the set of utility functions of
agent i and ui,j denotes the utility function ofθi,j whose
arguments are the joint actiona and the other agents’ types
θ−i. An example of Bayesian two-player game is reported
in Fig. 1: agent 1 is of a unique type (i.e.,θ1,1), while
agent 2 can be of three different types (i.e.,θ2,1, θ2,2, θ2,3)
with different probabilities (i.e.,ω2,1 = 0.5, ω2,2 = 0.25,
ω2,3 = 0.25). Both the two agents have five available actions
(i.e., agent 1’s available actions are{a1, a2, a3, a4, a5}, while
agent 2’s available actions are{b1, b2, b3, b4, b5}. The pairs
(x, y)s reported in the matrices are the payoff of agent 1 and
of agent 2, respectively.

The appropriate solution concept for Bayesian games is
Bayes-Nash equilibrium [3]. We denote a strategy profile by
σ = (σ1, . . . , σn) whereσi = (σi,1, . . . , σi,mi

) and σi,j is
the strategy ofθi,j . We denote byσ−i a strategy profile in
which the strategy of agenti is removed. The best response
of θi,j givenσ−i, denoted byBRi,j(σ−i), is computed as the
argument that maximizesθi,j ’s ex-interimexpected utility [2].3

A Bayes-Nash equilibrium is a strategy profileσ∗ such that
σ∗

i,j = BRi,j(σ
∗
−i) for all i, j.

Computing a Bayes-Nash equilibrium is commonly ad-
dressed by reducing the Bayesian game into a complete-
information game and then computing a Nash equilibrium
in this last game. The possible reductions available in the
literature are two [2]. The historically first reduction is based
on thenormal form. In this form, an agent’s action corresponds
to a plan of actions in the epistemic type form. Consider for
instance Fig. 1, agent2’s actions in the normal form are triples
〈bj , bk, bl〉s where, in the epistemic type form,bj is the action
assigned toθ2,1, bk to θ2,2, andbl to θ2,3. The agents’ payoffs

3In Bayesian games, expected utility isex-antewhen the agents do not
know neither its own type nor the type of the other players,ex-interimwhen
the agent knows its own type but not the types of the other agents, andex-post
when the agents know all the agents’ types [1].

in the normal form correspond to the agents’ex-anteexpected
utilities [2]. Once the normal form game was produced, it
can be solved by applying algorithms for computing Nash
equilibria. To be precise, any Nash equilibrium of the normal
form of a Bayesian game is a Bayes-Nash equilibrium of the
original game.

The second reduction is based on thesequence form[12].
This specific form was developed for solving efficiently
extensive-form games. We recall that Bayesian games can
be easily formulated as extensive-form games wherein na-
ture draws the agents’ types with probabilitiesΩ. In the
sequence form, an agent’s action corresponds to a sequence
of actions in the extensive-form. In the specific case of
Bayesian games, givenAi = {a1, . . . , ali} the set of ac-
tions of agenti in the epistemic type form, the sequence
form is a bi-matrix, where the agenti’s space of actions is
given by the replication ofAi times the number of types.
Consider Fig. 1, in the sequence form the set of actions of
agent 2 is{b1,1, . . . , b1,5, b2,1, . . . , b2,5, b3,1, . . . , b3,5}, where
bk,j corresponds to actionbj in the epistemic type form played
by θ2,k. The payoffs are theex-postexpected utilities. For
instance, agents’ payoffs from(a1, b2,4) are the payoffs they
receive when agent 2 is of typeθ2,2 and agents take(a1, b4).
The sequence form presents also some constraints over the
probabilitiespis with which agenti takes its actions:

X

j

p1(ak,j) = ω1,k ∀k ∈ Θ1 (1)

X

j

p2(bk,j) = ω2,k ∀k ∈ Θ2 (2)

The advantage of the sequence form with respect to the
normal form is that the size of the payoff matrixes is expo-
nentially smaller than the ones in normal form. As a result,
computing an equilibrium in the sequence form outperforms
computing an equilibrium in the normal form independently
of the used algorithm [2].

We briefly review algorithms for computing Nash equilibria
in two-player games. LH provides a linear complementarity
mathematical programming formulation and a solving algo-
rithm based on pivoting techniques [9]. PNS is based on the
enumeration of the agents’ joint supports [10]. The problemof
checking the existence of an equilibrium with a given agents’
joint support is formulated as a linear feasibility problem.
The problem of scanning the agents’ supports is addressed
by an enumeration algorithm based on AI techniques. SGC
provides a mixed integer linear mathematical programming
formulation and several methods to improve the computational
efficiency [7]. Each of the above three algorithms outperforms
the others in some specific settings: PNS outperforms SGC and
LH for almost all the games generated by GAMUT [13] (these
games present small support equilibria); LH outperforms PNS
and SGC for games with medium-large support equilibria
(this class of games is developed by the authors in [7]);
SGC outperforms PNS and LH when one searches for an
optimum equilibrium. It is worth noting that, whenever insight
on the problem structure is available, efficient enumerating
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b1 b2 b3 b4 b5
a1 0, 2 4, 0 2, 5 3, 2 5, 5
a2 0, 0 5, 0 1, 8 1, 1 2, 3
a3 6, 7 3, 1 2, 6 5, 3 1, 2
a4 0, 0 2, 4 4, 1 3, 5 2, 8
a5 0, 3 5, 0 4, 3 5, 9 3, 3

b1 b2 b3 b4 b5
a1 2, 2 0, 5 2, 5 3, 0 5, 5
a2 3, 0 0, 6 1, 8 1, 0 2, 3
a3 4, 7 6, 6 2, 6 5, 1 1, 2
a4 4, 0 0, 4 4, 1 3, 4 2, 8
a5 2, 3 0, 0 4, 3 5, 0 3, 3

b1 b2 b3 b4 b5
a1 2, 2 4, 5 0, 5 3, 2 5, 0
a2 3, 0 5, 6 0, 8 1, 1 2, 0
a3 4, 7 3, 6 6, 6 5, 3 1, 1
a4 4, 0 2, 4 0, 1 3, 5 2, 4
a5 2, 3 5, 0 0, 3 5, 9 3, 0

ω2,1 = 1

2
ω2,2 = 1

4
ω2,3 = 1

4

2: θ2,1 2: θ2,2 2: θ2,3

Fig. 1. A two-player Bayesian game with one type (θ1,1) for agent 1 and three types (θ2,1, θ2,2, θ2,3) for agent 2;ω2,1, ω2,2, ω2,3 are the probabilities
assigned to the agent 2’s types.

algorithms can be produced and consequently PNS can outper-
form the other two formulations also for games which present
equilibria with medium-large supports [16].

The above algorithms’ evaluation with complete-
information games, cannot be generalized to Bayesian
games. These present characteristics, in general, different
from those of complete-information games and, in the
particular case of the sequance form, the presence of
constraints (1) and (2) significantly affects the functioning
of the algorithms. The literature focused only on the linear
complementarity approach, showing that LH is inapplicable
and applying less efficient algorithms for solving linear
complementarity problems, e.g., Lemke’s algorithm [17]. In
this paper we close the gap studying PNS and SGC.

III. B AYESIAN PNS

We briefly review PNS [10], we discuss the reasons behind
its inefficiency with Bayesian games, and then we extend it.
We shall call our extension B-PNS. We call thesupport of
agent i, denoted bySi ⊆ Ai, the set of actions played by
i with non-null probability, andjoint support, denoted by
S = (S1, S2), the set of the single agents’ supports. The
idea behind PNS is simple: givenS, it can be easily checked
whether or not there exists a Nash equilibrium withS. In
two-player complete-information games this problem can be
formulated as a linear feasibility problem where the variables
are the probabilitiespi(a)s with which agenti takes actionsas.
PNS enumerates all the possible joint supports, and for each
one it checks the corresponding feasibility problem until
an equilibrium is found. In enumerating the joint supports,
PNS introduces some heuristics and exploits some pruning
techniques over the joint support space to improve search
efficiency.

Consider a Bayesian game in sequence form. PNS can be
directly applied to it to search for a Bayes-Nash equilibrium.
It can be easily shown that constraints (1) and (2) introduced
by the sequence form are such that only Bayes-Nash equilibria
satisfy the feasibility problem (we omit details, being trivial).
Nevertheless, this application is not efficient because it ne-
glects the Bayesian inner structure of the game. Technically
speaking, two issues are crucial. First, a large amount of joint
supports that PNS would scan can bea priori discarded saving
thus computational time. For instance, consider the sequence
form of the game depicted in Fig. 1. PNS would scan allS2s
with only one action, e.g.,S2 = {b1,4}, and it is obvious that,
due to constraints (1) and (2), no equilibrium with such support

can exist. Indeed, at least one action per type must appear in
the support, e.g.,S2 = {b1,1, b2,1, b3,4}. Second, the heuristics
and the pruning techniques used in PNS do not perform well
in Bayesian games, as we shall show below. This pushes for
extending PNS to Bayesian games.

We extend PNS directly from the epistemic type form.
Following the approach in [10], at first we extend the feasi-
bility problem, and subsequently we extend the joint support
enumeration algorithm. We denote bySi,j the support ofθi,j .
The feasibility problem is the following (X/Y denotes the
difference between setX and setY ):

X

k∈Θ2

ω2,k

"

X

a∈A2

p2,k(a)·

·u1,l(ai, a, θ2,k)

#

= v1,l,i

∀l ∈ Θ1, ai ∈ A1 (3)

X

k∈Θ1

ω1,k

"

X

a∈A1

p1,k(a)·

·u2,l(ai, a, θ1,k)

#

= v2,l,i

∀l ∈ Θ2, ai ∈ A2 (4)

vj,k,i = vj,k

∀j ∈ {1, 2},

k ∈ Θj , ai ∈ Sj,k

(5)

vj,k,i ≤ vj,k

∀j ∈ {1, 2},

k ∈ Θj, ai ∈ Aj/Sj,k

(6)

pj,k(ai) ≥ 0
∀j ∈ {1, 2},

k ∈ Θj , ai ∈ Sj

(7)

pj,k(ai) = 0
∀j ∈ {1, 2},

k ∈ Θj , ai ∈ Aj/Sj

(8)

X

a∈Aj

pj,k(a) = 1
∀j ∈ {1, 2},

k ∈ Θj , a ∈ Sj

(9)

Constraints (3) and (4) assignvj,l,i the ex-interim expected
utility of playing action i to θj,l; constraints (5) assure that
all the actions inSj,k give the same expected utility toθj,k;
constraints (6) assure that all the actions that are not inSj,k do
not giveθj,k an expected utility larger than the one given by an
action inSj,k; constraints (7) assure that all the probabilities
are not negative; constraints (8) assure that all the actions that
are not in the agents’ support are played with a probability of
zero; and constraints (9) assure that the agents’ randomization
probabilities are well defined. The above feasibility problem
is linear.

We extend the joint support enumeration algorithm both
for what concerns the heuristics and the pruning techniques.
We focus on the heuristics. Consider a complete-information
game, in PNS joint supportsSs are ranked according to two
criteria: at first on the basis of the supports’balanceand then



on the supports’size. Call zi the size ofSi defined as the
number of actions appearing inSi. The balance is defined
as |z1 − z2|: Ss are ranked in increasing order of balance.
The size is defined as(z1 + z2): Ss are ranked in increasing
order of size. This is supported theoretically as it is knownthat
most two-player games have at least one balanced equilibrium
with small supports [8]. Consider Bayesian games, while the
extension of the criterion based on support size to this class
of games is trivial, it is not the case of the notion of balance.
We denote byzi,j = |Si,j | the size of the support ofθi,j . The
size ofS is

∑

j=1,2

∑

i∈Θj
zj,i. Easily, the criterion will rank

S in increasing order of size. We consider now the balance
criterion. In order to extend this criterion, we focus on the
idea behind the concept of joint support balance. If a game
is non-degenerate, then all the equilibria it admits have joint
supports with a balance of zero. (A two-player game is called
non-degenerate if no mixed strategy of support sizez has
more thanz pure best responses [18].) We recall that the
randomization probabilities of agenti are such that all the
actions played by−i with non-null probability give−i the
same expected utility, as in constraints (3) and (4). When
a game is non-degenerate, givenS = (S1, S2), there are
z1 − 1 free variables expressing agent 1’s probabilities over
the actions andz1 − 1 independent linear equality constraints
of the form (3) over agent 2’s randomization probabilities,
and vice-versa. By definition, no solution can be ifz1 6= z2.
When instead the game is degenerate, the constraints are not
independent, and thus equilibria withz1 6= z2 can exist.

On the basis of the above considerations, we extend the con-
cept of balance to the Bayesian case such that in the presence
of non-degenerate games all the equilibria have a balance of
zero. The appropriate definition of balance in Bayesian games
is: |

∑

i∈Θ1
(z1,i− 1)−

∑

i∈Θ2
(z2,i− 1)|. Indeed, if the game

is non-degenerate, eachθ1,i introducesz1,i − 1 free variables
expressing its probabilities over the actions andz1,i − 1
independent constraints over the randomization probabilities of
all the agent 2’s types, andvice-versa. Therefore, no solution
can be if|

∑

i∈Θ1
(z1,i− 1)−

∑

i∈Θ2
(z2,i− 1)| 6= 0. Consider

Fig. 1, with our definition of balance whenS1 = {a1, a2} and
S2 = (S2,1 = {b1}, S2,2 = {b2}, S2,3 = {b3, b4}) the balance
is zero.

The above concept of balance states a relation only between
the aggregation of the support size of all the types of an
agent, say|Si|, and the one of the other agent, say|S−i|.
Given the aggregated value

∑

i∈Θj
(zj,i− 1), several different

randomization policies can be applied by the different types
of agenti, and analogously of agent−i. We rank them by
introducing a further criterion to be applied after the balance
criterion and the size criterion. We rankSis according to the
largest support among all the supports of agenti’s types. Given
Si = (Si,1, . . . , Si,mi

), we call peak the largest|Si,j | in Si.
We consider both the case in which the supports are ranked
in increasing order in the peak and the case in which they are
ranked in decreasing order. We shall experimentally evaluate
them in Section IV. For instance, consider Fig. 1, rankingS2

in decreasing order in the peak with|
∑

i∈Θ2
(z2,i − 1)| = 4

we have thatS2 = ({b1, b2, b3, b4, b5}, {b1}, {b2}) precedes
S′

2 = ({b1, b2, b3, b5}, {b1, b3}, {b2}), that, in its turn, pre-
cedesS′′

2 = ({b2, b3, b5}, {b1, b3}, {b2, b5}).
Finally, we extend the pruning techniques used in PNS.

Consider a complete-information game, PNS removesstrictly
conditionally dominatedactions: givenS−i, actiona ∈ Ai is
strictly conditionally dominated, if there existsa′ ∈ Ai such
that Ui(a

′, b) > Ui(a, b) for all b ∈ S−i. Consider a Bayesian
game, the notion of dominance (and of conditional dominance)
in this class of games, called Bayesian dominance, is more
involved and is based on the notion ofex-interim expected
utility [19].4 The basic idea behind Bayesian dominance is
that, given two actionsa, a′ played byθi,j , actiona is strictly
dominated by actiona′ if EUi,j(a, σ−i) < EUi,j(a

′, σ−i) for
all possibleσ−is. The idea of strict conditional dominance is
the same except thatσ−is are subject to the specific supports
assigned to the types of agent−i. The problem of checking
whether or not actiona is strictly conditionally dominated
by actiona′ for θi,j can be formulated as a linear feasibility
problem as follows:

X

k∈Θ−i

ω−i,k

X

al∈S
−i,k

p−i,k(al)·

·
`

ui,j(a, al) − ui,j(a
′, al)

´

≥ 0

(10)

p−i,k(a) ≥ 0 ∀k ∈ Θ−i, a ∈ S−i (11)

p−i,k(a) = 0
∀k ∈ Θ−i,

a ∈ A−i/S−i,k

(12)

X

a∈S
−i,k

p−i,k(a) = 1 ∀k ∈ Θ−i (13)

Action a is not dominated bya′ when the above feasibility
problem admits a solution,a is dominated bya′ otherwise.
Indeed, if the above problem admits a solution, then there
exists at least a strategyσ−i such thata gives i more utility
(in expectation) thana′. The feasibility problem can be easily
solved by searching for the maximum of the left hand in (10)
and checking its sign. Obviously, if it is negative, thena is
dominated bya′, otherwisea is not. The maximum can be
found with a greedy algorithm, the problem being similar to
the knapsack problem [20]. More precisely, the strategyσ−i

we are searching for prescribes thatp−i,k(al) = 1 if al =
argmaxal∈S−i,k

(ui,j(a, al)− ui,j(a
′, al)) andp−i,k(al) = 0

otherwise for allk ∈ Θ−i. Therefore, we need only to find
the actionsal ∈ S−i,k such that(ui,j(a, al)− ui,j(a

′, al)) is
maximum for allk. These actions can be found in linear time
in |S−i,k|.

Given the above ingredients, we provide the extension
of PNS to Bayesian games in Algorithm 1. The algorithm
enumerates all the possible joint supports in Step 1, selects a
support for each possible type of agent 1 in Step 2 and for
each possible type of agent 2 in Step 6, prunes the spaces of
actions of the agent 2’s types by strict conditional dominance

4The application of the conditionally dominance used in PNS to the
sequence form of a Bayesian game does not remove all the Bayesian
dominated actions. It can be easily shown that an action thatresults to be
dominated applying PNS to the sequence form is also Bayesiandominated,
the vice versadoes not hold.



in Steps 3 and 4, checks the strict conditional dominance on
agent 1’s support in Step 5 and on agent 2’s in Step 7, and,
finally, checks the feasibility problem in Step 8.

Algorithm 1 : B-PNS

for all Ss in increasing order of, at first,1

|
∑n1

i=1(z1,i − 1)−
∑n2

i=1(z2,i − 1)| and, then, of
(
∑2

j=1

∑nj

i=1 zj,i), and, then, in (increasing) decreasing
peaksdo

for all S1 such that|S1,i| = z1,i for all i do2

for j = 1 to n2 do3

A′
2,j ← {a ∈ A2 n.c.d. givenS1}4

if 6 ∃a ∈ S1,i c.d. givenA′
2,1, . . . , A

′
2,n2

for all i5

then
for all (S2,1, . . . S2,n2

) such thatS2,i ⊆ A
′

2,i6

and |S2,i| = z2,i do
if 6 ∃a ∈ S1,i c.d. given(S2,1, . . . S2,n2

)7

then
if (3)-(9) S = (S1, S2) then8

returnp9

The implementation of Step 1 in B-PNS presents several
complications that are not present in PNS. More specifically,
they are due to the development of an algorithm that efficiently
enumerates on-line the agents’ supports given the aggregated
values|S1| =

∑

i∈Θ1
z1,i and |S2| =

∑

i∈Θ2
z2,i. (The off-

line computation of all the joint supports and their ordering
is inefficient due to the size of the support space and the
number of ordering criteria.) As is customary in the literature
to address enumeration problems, we resort to branch-and-
bound techniques [21].

Our enumeration algorithm develops into two steps.
In the first step, given the aggregated values|S1| and
|S2|, it enumerates all the possible(|S1,1|, . . . , |S1,n1

|)s
and (|S2,1|, . . . , |S2,n2

|)s. In the second step, given a pair
(|S1,1|, . . . , |S1,n1

|), (|S2,1|, . . . , |S2,n2
|), it enumerates all the

possibleS = (S1, S2) that satisfy such pair. The implemen-
tation of the second step is easy and can be achieved as the
support enumeration in PNS. Instead, the first step needs more
attention. We report our algorithm when supports are to be
ranked in decreasing order in the peak (the implementation in
the increasing case is analogous). The algorithm is based on
enumeration trees built as prescribed in what follows (Fig.2
reports an example of enumeration tree when|S2| = 7).

1) A list frontier contains the nodes to be explored. Given
|Si|, the initialization isfrontier := {(|Si,j | = |Si| −
ni + 1, |Si,−j| = 1) : ∀j ∈ Θi}. That is, frontier
contains the nodes with the largest peak. Consider Fig. 2,
given |S2| = 7, frontier is initialized asfrontier :=
{(5, 1, 1), (1, 5, 1), (1, 1, 5)}.

2) Once a node is removed fromfrontier, its successors
are produced and are added tofrontier in decreasing

5,1,1 1,5,1 1,1,5

3,2,23,3,1

4,2,1

3,1,33,2,2

4,1,2

2,3,23,3,1

2,4,1

1,3,32,3,2

1,4,2

2,2,33,1,3

2,1,4

1,3,32,2,3

1,2,4

Fig. 2. Enumeration tree with|S2| = 7.

order in the peak. A successor of a node is obtained by
decreasing by 1 the peak and adding 1 to the support of
another type. A successor is legal when the type with
the peak in the father node is one of the types with the
peak in the successor. Consider Fig. 2, the successors of
(5, 1, 1) are obtained by decreasing by 1 the peak (i.e.,
|S1,1| = 5) and adding 1 to|S1,2| or |S1,3|. Notice that
(3, 3, 1) has not legal successors, since the type with
the peak in any possible successor is different from the
type with the peak in the father node, e.g., by decreasing
|S1,1| = 3 by 1 and adding 1 to|S1,2| we obtain the
non-legal successor(2, 4, 2). We discard all the non-
legal successors since they appear in other positions in
the tree as legal successors, and therefore we preserve
the completeness of the algorithm. Consider the node
(3, 3, 1) in Fig. 2, all its non-legal successors(2, 4, 1),
(2, 3, 2), (4, 2, 1), and(3, 2, 2) appear in the tree in other
positions.

3) It can be the case that part of the nodes in the tree
are not consistent with the problem structure. For in-
stance, consider the case in which|S2| = 8: according
to Point 1) the first level of the enumeration tree is
composed of(6, 1, 1), (1, 6, 1), and (1, 1, 6). Anyway,
these three nodes are not consistent when agents have
no more than 5 actions, because(6, 1, 1) would require
that a type randomize over 6 actions. In these situations,
all the nodes wherein the peak is larger than|Ai| are
not considered for the feasibility problem, e.g., with
|S2| = 8, the nodes in the first level are not considered.

IV. BAYESIAN LC AND SGC

In this section, at first we provide a linear complementarity
programming formulation for computing Bayes-Nash equilib-
ria by resorting to the sequence form. We called it B-LC.
Then, we provide a mixed integer linear programming (MILP)
formulation showing that it can be equivalently derived as
extension of the feasibility problem used in B-PNS and
directly from B-LC.

We report the linear complementarity formulation. This is
an easy application of the reduction to sequence form as
prescribed in [2]. For the sake of simplicity, we remapped
the agents’ actions in the sequence form to the ones in the
epistemic type form (pi,j(a) is the probability thatθi,j takes



action a). The formulation is the following (we omit the
meaning of the constraints, it can be found in [2]).

X

k∈Θ2

X

a∈A2

p2,k(a)u1,l(ai, a, θ2,k) ≤ v1,l ∀ai ∈ A1, l ∈ Θ1 (14)

X

k∈Θ1

X

a∈A1

p1,k(a)u2,l(ai, a, θ1,k) ≤ v2,l ∀ai ∈ A2, l ∈ Θ2 (15)

p1,l(ai)

"

v1,l −
X

k∈Θ2

X

a∈A2

p2,k(a)·

·u1,l(ai, a, θ2,k)

#

= 0

∀ai ∈ A1, l ∈ Θ1 (16)

p2,l(ai)

"

v2,l −
X

k∈Θ1

X

a∈A1

p1,k(a)·

·u2,l(ai, a, θ1,k)

#

= 0

∀ai ∈ A2, l ∈ Θ2 (17)

X

a∈Ai

pi,k(a) = ωi,k ∀i ∈ {1, 2}, k ∈ Θi (18)

pi,j(a) ≥ 0
∀i ∈ {1, 2},

j ∈ Θi, a ∈ Ai

(19)

A MILP formulation for our problem can be derived both
starting from the feasibility problem used in B-PNS and
introducing the supports as integer variables, and starting
from the linear complementarity formulation stated above and
breaking the complementarity constraints by using integer
variables. The two routes lead to two equivalent formulations.
We initially discuss the first route, and then we show that an
equivalent formulation can be obtained from the second route.

We consider the feasibility problem of B-PNS and we enrich
it in the following way. We introduce the binary variables
sj,k,i ∈ {0, 1} for all actionsai ∈ Aj , all typesθj,k, and all
agentsj. The meaning is thatsj,k,i = 1 if ai ∈ Sj,k, and
0 otherwise. We introduce an arbitrarily large constantM .
The variables of our new problem arepj,k(ai) andsj,k,i. Our
MILP formulation is defined on the epistemic type form of a
Bayesian game. It follows:

X

k∈Θ2

ω2,k

"

X

a∈A2

p2,k(a)u1,l(ai, a, θ2,k)

#

= v1,l,i ∀l ∈ Θ1, ai ∈ A1 (20)

X

k∈Θ1

ω1,k

"

X

a∈A1

p1,k(a)u2,l(ai, a, θ1,k)

#

= v2,l,i ∀l ∈ Θ2, ai ∈ A2 (21)

vj,k,i ≥ vj,k − M · (1 − sj,k,i)
∀j ∈ {1, 2},

k ∈ Θj , ai ∈ Aj

(22)

vj,k,i ≤ vj,k

∀j ∈ {1, 2},

k ∈ Θj , ai ∈ Aj

(23)

pj,k(ai) ≥ 0
∀j ∈ {1, 2},

k ∈ Θj , ai ∈ Aj

(24)

pj,k(ai) ≤ sj,k,i

∀j ∈ {1, 2},

k ∈ Θj , ai ∈ Aj

(25)

X

a∈Aj

pj,k(a) = 1
∀j ∈ {1, 2},

k ∈ Θj , a ∈ Aj

(26)

X

ai∈Aj

sj,k,i ≥ 1
∀j ∈ {1, 2},

k ∈ Θj

(27)

The differences between the B-PNS feasibility problem
and the above MILP formulation are: (i) constraints (22)
generalize (5), indeed, ifsj,k,i = 0, then (22) does not

constrainvj,k,i, instead, if sj,k,i = 1, then (22) constrains
vj,k,i ≥ vj,k (and therefore, by (23), to bevj,k,i = vj,k); (ii)
constraints (25) generalize (8), indeed, ifsj,k,i = 0, then (25)
constrainspj,k(ai) = 0, instead, if sj,k,i = 1, then (25)
constrainspj,k(ai) ≤ 1; (iii) constraints (27) require that no
type support is empty. Notice that these last constrains are
redundant due to (25) and (26).

We show that an equivalent formulation can be derived from
B-LC. This derivation requires two issues. The first issue is
the normalization of the probabilitiespi,k(a) used in the linear

complementarity formulation by substitutingpi,k(a) =
p′

i,k(a)

ωi,k
.

The second issue is the split of the complementarity
constraints (16) and (17) in two constraints. Specifically,
p1,l(ai)

[
∑

k∈Θ2

∑

a∈A2
p2,k(a)u1,l(ai, a)− v1,l

]

=
0 can be split into p1,l(ai) ≤ s1,l,i and
∑

k∈Θ2

∑

a∈A2
p2,k(a)u1,l(ai, a) − v1,l ≤ −M(1 − s1,l,i),

wheres1,l,i ∈ {0, 1}. These constraints are exactly the same
appearing in the above MILP formulation.

V. EXPERIMENTAL EVALUATION

We implemented PNS and B-PNS in C and we used
the CPLEX callable library [11] for solving the feasibility
problem, whereas we solved B-SGC and B-LC by calling
CPLEX [11] and PATH [14], respectively, from AMPL [15].
CPLEX is a commercial MILP solver based on the branch-
and-bound algorithm with several sophisticated techniques in-
corporated. The authors in [7] present an extensive evaluation
of these techniques to speed up the resolution of SGC. In our
work, we followed their methods, obtaining similar results
with Bayesian games. We omit the results for reasons of
space. We report the best configuration we employed in our
experimental settings for B-SGC: we introduced an objective
function defined as the minimization of the supports’ size; we
used the best-bound search strategy as search node selection
strategy in branch-and-bound; we completely disabled the pri-
mal heuristic at nodes; we used the default branching strategy;
we used no cuts in branch-and-cut. PATH is a non-commercial
solver designedad-hoc for complementarity problems. It is
based on extensions of Lemke’s algorithm [17] with several
options. We report the best configuration we employed in our
experimental settings for B-LC: we set the minor iteration limit
to 105 and the cumulative iteration limit to107. We executed
the algorithms on a dual quad-core Intel Xeon CPU 2.33Ghz
with 4MB cache and 8GB RAM under UnixOS.

We developed a generator for Bayesian games based on
GAMUT [13]. We recall that GAMUT produces exclusively
complete-information games. Given the number of types of
both the agents, we call GAMUT for each combination of
types. The probabilities over the agents’ types are drawn
from a uniform probability distribution. In our evaluationwe
generated games with50 actions per player and we bounded
the execution time to 10 minutes as the authors did in [10]
and in [7]. A game that exceeded the maximum execution time
was not considered in the average calculation. We produced
the following four experimental evaluations.



1) We compare the effectiveness of the decreasing and
increasing support ordering criteria based on the idea
of peak (introduced in Section III) in B-PNS. Since
these two criteria work in the same way in games with
equilibria where each type has pure strategies, for this
evaluation we considered only games with equilibria in
mixed strategies. In particular, for each row in Tab. I and
Tab. II we generated 10 different game instances with
50 actions available for each agent. What we observed
is that the decreasing criterion allows one to save about
15% in average computational time. Tab. I and Tab. II
reports the computational times with the decreasing cri-
terion; we omitted the results for the increasing criterion
for reasons of space. The evaluations from here on use
exclusively the decreasing criterion in B-PNS.

2) We compare B-PNS and PNS (applied to the sequence
form). For all the game instances, PNS never terminates
in 10 minutes. This is because in PNS the concept of
balance is not completely suitable to Bayesian games
and the pruning techniques are not very effective, since
they do not remove a large number of supports that are
Bayesian dominated.

3) We compare B-PNS, B-SGC, and B-LC in a specific
class of game (i.e., the Bertrand oligopoly) with a
fine grid of agents’ type numbers. We report in Tab. I
the termination percentages within 10 minutes and the
average computational times. We generated 10 different
game instances for each pair of agents’ number of types.
B-PNS is the fastest algorithm when the number of types
is small, i.e., when each agent has at most three types.
When at least one agent has four or more types B-PNS
is outperformed by the other two algorithms. (With a
number of actions smaller than 50, B-PNS outperforms
the others for larger numbers of types.) This is because
with four types or more the search space is too large and
B-PNS searches over the support space in a blind way.
Indeed, with these games B-PNS computational time is
large also when there are pure strategy equilibria. It is
worth noting that in the case of Bertrand oligopoly class,
B-LC always outperforms B-SGC. This does not hold in
general for the other classes of games, see Tab. II.

4) We compare B-PNS, B-SGC, and B-LC with the most
significant classes of game with a coarse grid of agents’
type numbers. We report the cases with1×1 types, with
10×1 types (in the cases where all the instances did not
terminate, we reduce the setting to the largest significa-
tive asymmetric case), with4 × 4 types (in the cases
where all the instances did not terminate, we reduce
the setting to the largest significative symmetric case),
and with the largest number of types (symmetrical or
asymmetrical) such that B-PNS outperforms the others.
As in Point 3), B-PNS outperforms the others for games
with a small number of types, and it is outperformed
otherwise. (For 7 out 17 classes, it was not possible to
solve games with a medium-large number of types by
B-SGC and (sometimes) B-LC in600 s, and therefore B-

n, m 1 2 3 4 5 alg.

1.12 2.73 3.36 4.13 6.34 B-SGC
1 0.43 1.11 2.14 3.41 4.62 B-LC

0.01 0.01 1.27 61.32 (100%) − B-PNS

− 7.66 16.94 30.01 46.96 B-SGC
2 − 1.33 3.53 6.25 (10%) 8.05 B-LC

− 0.02 2.44 193.21 (100%) − B-PNS

− − 29.54 149.81 (10%) 162.43 B-SGC
3 − − 5.31 (10%) 7.94 (20%) 8.53 B-LC

− − 4.61 327.43 (100%) − B-PNS

− − − (20%) 285.52 (30%) 291.31 B-SGC
4 − − − (40%) 8.72 (40%) 9.82 B-LC

− − − (100%) − (100%) − B-PNS

− − − − (40%) 571.24 B-SGC
5 − − − − (60%) 10.75 B-LC

− − − − (100%) − B-PNS

TABLE I
AVERAGE COMPUTATIONAL TIMES IN SECONDS IN GAMES WITHm

PLAYER 1’S TYPES ANDn PLAYER 2’S TYPES IN THEBERTRAND GAME
CLASS; THE PERCENTAGE DENOTES THE NON-TERMINATED CASES IN

600S; THE SHORTEST COMPUTATIONAL TIMES ARE IN BOLD.

PNS generally outperforms the others.) Differently from
Point 3), B-LC does not outperform B-SGC for all the
classes of games, but each one of them outperforms the
other for some specific classes of games.

VI. CONCLUSIONS ANDFUTURE WORKS

In this paper we focused on the computation of equilibria
in Bayesian games. This class of games is of paramount
importance since most strategic real-world situations (e.g.,
both economic situations such as auctions and bargaining, and
security situations such as patrolling) present uncertainty and
therefore can be modeled as Bayesian games. We showed that
the most efficient algorithm for computing Nash equilibria in
complete-information games with GAMUT data (i.e., PNS) is
inefficient when the game is Bayesian. Our main contributions
are the extension of PNS to the Bayesian case and a thorough
experimental evaluation where we compared it with respect
two different operational research formulations (i.e., a linear
complementarity one and a mixed integer linear one). Our
extension dramatically outperforms the PNS applied to the
sequence form and is efficient for games with a small number
of types.

Our opinion is that support enumeration methods for com-
puting equilibria in Bayesian games can be significantly im-
proved. In future works, we shall try to improve the computa-
tional efficiency of our algorithm by developing local search
techniques [22]. We shall introduce fitness functions over the
supports and we shall employ these as heuristics. We shall
exploit both non-stochastic (e.g., greedy) and stochastic(e.g.,
genetic algorithms) search techniques.
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game class types B-SGC B-LC B-PNS

1x1 0.85 0.24 0.01
BidirectionalLEG-CG 10x1 119.40 15.33 (100%) −

4x4 145.22 43.21 (100%) −
3x1 2.96 1.05 0.97

1x1 0.47 0.79 0.01
BidirectionalLEG-RG 10x1 91.87 38.82 (100%) −

4x4 135.91 (10%) 83.54 (100%) −
3x1 13.58 6.54 2.71

1x1 0.08 0.42 0.01
BidirectionalLEG-SG 10x1 21.87 13.88 (100%) −

4x4 27.14 14.73 (100%) −
3x1 3.74 5.29 2.19

1x1 0.67 (30%) 1.84 0.01
CovariantGame-Pos 3x1 28.89 7.31 1.35

2x2 52.84 2.73 0.01
3x2 (100%) − 12.35 10.47

1x1 73.80 (30%) 3.87 0.05
CovariantGame-Zero 3x1 (40%) 198.40 (60%) 80.56 (20%) 25.13

2x2 (70%) 518.47 (50%) 115.49 33.71
3x2 (100%) − (60%) 311.66 (30%) 160.33

1x1 0.06 0.27 0.01
DispersionGame 2x2 0.31 0.73 0.19

4x4 0.91 8.11 (100%) −
10x1 0.55 1.96 (100%) −

1x1 52.75 (30%) 12.26 0.13
GraphicalGame-SG 3x1 (100%) − (40%) 72.96 (10%) 29.42

2x2 (90%) 231.29 (50%) 99.37 17.51
3x2 (100%) − (50%) 475.22 (30%) 325.77

1x1 45.77 (40%) 24.50 0.01
GraphicalGame-SW 3x1 (60%) 267.62 (50%) 69.06 (10%) 48.78

2x2 (90%) 267.29 (40%) 33.37 (10%) 5.91
3x2 (100%) − (50%) 317.42 (30%) 298.47

1x1 0.17 0.11 0.01
LocationGame 10x1 5.99 11.75 (100%) −

4x4 (10%) 26.34 8.19 (100%) −
3x1 2.31 3.87 1.33

1x1 0.04 0.21 0.01
MinimumEffortGame 10x1 8.12 16.55 (100%) −

4x4 10.46 12.21 (100%) −
2x2 0.92 0.51 0.28

1x1 66.45 (40%) 24.50 0.01
PolimatrixGame-CG 3x1 (50%) 281.36 (40%) 163.10 (10%) 55.42

2x2 (90%) 287.28 (50%) 131.88 (10%) 50.52
3x2 (100%) − (50%) 340.02 (30%) 291.94

1x1 (10%) 55.28 (40%) 31.27 0.01
PolimatrixGame-RG 3x1 (20%) 222.80 (30%) 81.53 (20%) 62.33

2x2 (80%) 309.63 (50%) 101.25 17.03
3x2 (100%) − (50%) 603.16 (30%) 466.01

1x1 58.77 (30%) 28.36 0.01
PolimatrixGame-SW 3x1 (80%) 386.81 (40%) 145.20 (20%) 32.06

2x2 (80%) 280.45 (50%) 201.46 18.47
3x2 (100%) − (70%) 572.81 (30%) 378.01

1x1 0.10 0.31 0.01
TravelersDilemma 10x1 6.55 17.22 (100%) −

4x4 17.98 5.32 (100%) −
3x1 3.12 3.22 2.37

1x1 0.35 0.47 0.01
UniformLEG-RG 10x1 56.15 (30%) 65.11 (100%) −

4x4 70.20 12.69 (100%) −
3x3 35.73 2.51 1.27

1x1 0.035 0.12 0.01
UniformLEG-SG 10x1 18.33 (30%) 36.61 (100%) −

4x4 29.31 10.93 (100%) −
2x2 1.60 1.75 0.33

1x1 0.31 0.23 0.01
WarOfAttrition 10x1 (10%) 4.54 (20%) 41.44 (100%) −

4x4 42.87 (30%) 49.54 (100%) −
3x2 3.82 7.66 3.21

TABLE II
AVERAGE COMPUTATIONAL TIMES IN SECONDS; PERCENTAGES DENOTES

THE NON-TERMINATED CASES IN600S; THE SHORTEST COMPUTATIONAL
TIMES ARE IN BOLD.


