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Abstract. The deregulation of electricity markets produced significant
economic benefits, reducing prices to customers and opening several
opportunities for new actors, e.g., new generators and distributors. A
prominent scientific and technological challenge is the automation of
such markets. In particular, we focus our attention on wholesale elec-

tricity markets based on a central auction. In these markets, generators
sell electricity by means of a central auction to a public authority. In-
stead, the distribution of electricity to customers takes part in retail

markets. The main works presented in the literature model wholesale
markets as oligopolies, neglecting thus the specific auction mechanism.
In this paper, we enrich these models by introducing an auction mecha-
nism shaped on that used in the Italian wholesale electricity market, we
solve the winner determination problem, and we preliminarily study the
problem of searching for equilibria.

1 Introduction

The deregulation of electricity markets is producing significant economic bene-
fits [1, 2], reducing electricity prices to customers and opening several opportu-
nities for new actors, e.g., new generators and distributors. These markets can
be different, ranging from those in which generators sell electricity to a central
auction to those in which they bilaterally negotiate with customers [1, 3]. In
this paper, we focus on central auction based markets and, in particular, on the
Italian electricity market.

Electricity markets are geographically structured in local regions, in which
several generators, distributors, and customers operate. A transport network
with bounded capacity connects all the local regions. The peculiarity of the
Italian electricity market lays in the transport network topology: given any pair
of local regions, there is a unique path connecting them.

Central auction based electricity markets develop into two stages [1]. In the
first stage, called wholesale market, all the generators sell electricity to a public
authority, called unique purchaser (UP) [4]. The sale is based on a central auc-
tion supported by an electronic marketplace, called electricity market manager
(EMM) [2], that collects all the generators’ bids and determines which are to be



accepted.1 More precisely, EMM chooses the optimal set of generators’ bids to
accept in the attempt to minimize the clearing price (i.e., the price EMM pays
to the generators) under the constraints that the entire customers’ demand is
satisfied and the capacity of the network is not violated. The rules governing the
market set how the clearing price is calculated given the accepted bids. The auc-
tion is repeated each day for the next day and closes at 9:00 am. In the second
stage of central auction based electricity markets, called retail market, distribu-
tors buy electricity from UP and sell it to customers [6]. Italian and worldwide
retails market are not governed by any specific rule.

In the scientific community there is a large interest in studying electricity
markets to improve their efficiency. The main goals are the determination of
the optimal generators’ bids and the determination of the optimal electricity
transportation between the local regions. In particular, the wholesale market,
being managed by an electronic central auction, could be effectively automated
by employing software agents that negotiate on behalf of human beings leading
to more efficient agreements [7].

We briefly review the main works dealing with wholesale electricity markets.
They are studied in literature from two different perspectives. The first per-
spective is common within the electric engineering literature and is purely game
theoretical [1, 3]. Information is assumed to be complete, at least as a first ap-
proximation.2 According to this perspective, a simplified model of the market is
studied without considering any auction mechanism. More precisely, wholesale
markets are modeled as a refinement of the classic Cournot oligopoly [8], wherein
the generators choose only the amount of electricity to sell, while the price is de-
termined as a function of electricity demand and supply. The main result is that
the game always admits a unique Nash equilibrium where the prices charged by
all the generators are the same. This model produces prescriptions that are far
from those present in real-world applications where generators usually charge
different prices [2].

The second perspective refers to multi-agent simulation [9]. According to
that, each actor within the market is an agent that continuously adapts/learns its
behavior given the behavior of the other agents. Although these techniques scale
very well in the agents’ number, usually there is not any theoretical guarantee
that adaptive/learning agents can converge to the optimal strategies.

In this paper we follow the approach of [1, 3]. The original contributions we
provide are: (i) we enrich [1] by introducing the model of a real-world auction
mechanism, (ii) we develop a greedy algorithm to solve exactly the winner de-
termination problem, (iii) we provide a preliminary algorithm based on best
response search with tabu list [10] for Nash equilibria computation.

1
In the Italian market, UP is said ‘acquirente unico’ (AU), and EMM is called ‘gestore del mercato
dell’energia’ (GME). GME corresponds to the American PJM [5].

2
More precisely, the demand is common knowledge, being communicated by EMM to the gener-
ators. The capacity of each generator’s facility and the marginal costs are common knowledge,
since the generators can accurately estimate them and the EMM is directly informed by generators
about them.



The paper is structured as follows. Section 2 presents the market and auction
models. Section 3 proposes a greedy algorithm for the auction winner determi-
nation. Section 4 game theoretically studies the market, proposes two solving
algorithms, and characterizes Nash equilibria. Section 5 concludes the paper.

2 Wholesale Market Model

In this section, we first review the most common wholesale electricity market
model studied in literature [1] and then we enrich it by introducing the model
of a real-world auction mechanism [2].

We initially consider the model presented in [1]. We denote by R = {r1, . . . ,

rm} the set of local regions. (In real-world settings the number of local regions is
rather short, e.g., in Italy they are thirteen.) We denote by lri,rj

the directed link
along which electricity flows from ri to rj . Each link lri,rj

has a capacity kri,rj

that can be different from krj ,ri
. We denote by tri,rj

the amount of electricity
actually transported from ri to rj . Flows are such that 0 ≤ tri,rj

≤ kri,rj
and for

any pair (ri, rj) with ri 6= rj , if tri,rj
> 0, then trj ,ri

= 0, and vice versa. That is,
if an amount of electricity is transported along the link lri,rj

, no electricity can
be transported along the reverse link lrj ,ri

. In the Italian market, for any pair
(ri, rj), there is a unique path connecting them. Consider for instance Fig. 1.
Each pair of local regions is connected by a unique path, e.g., r2 and r4 are
connected only by the path lr2,r3

− lr3,r4
.

We denote by G = {g1, . . . ,gn} the set of generators. Each generator can
have facilities in different local regions. We denote by cgh,ri

the cost per electric-
ity unit for generator gh in local region ri. Furthermore, we denote by Qgh,ri

the
capacity of gh in ri. Denoted by pgh,ri

the price paid to gh in ri per electricity
unit and by qgh,ri

≤ Qgh,ri
the electricity amount sold by gh in ri, the utility Ugh

to gh is defined as Ugh
=

∑
i qgh,ri

· (pgh,ri
− cgh,ri

). We consider generators to
be rational autonomous agents. Customers are not explicitly modeled since they
do not act in the wholesale market. We consider only the cumulative customers’
demand in each local region and we denote it by Dri

. In the present paper we
assume that the customers’ demand over all the local regions can be always sat-
isfied given the generators’ and the transport network’s capacities. Finally, we
denote by u the unique purchaser that buys electricity from the generators. This
authority is no profit and its aim is to minimize the prices under the constraint
that the customers’ demand is entirely satisfied. Agent u has a reservation price
RP and will pay no more than RP per electricity unit.

We now introduce the auction mechanism [2] (this mechanism is used in
several countries, e.g., Italy and USA). The sale of electricity is based on a
sealed-bid reverse auction supervised by an electronic marketplace, i.e., EMM,
denoted by m. In the auction, m acts on behalf of u. This situation is studied
as a strategic-form game with complete information [1]. The sellers, in our case
the generators, can make a bid for each local region in which they have facilities.
We denote by bgh,ri

the bid of gh in ri. Each bid specifies exclusively a price
per unit of electricity. m is free to decide the amount of electricity to buy from



each generator and generators are obliged to satisfy the amount required by m

according to their capacities. The electricity market is subject to some rules
that determine the clearing price of each local region given the bids accepted
by m and the electricity transported over the network. The m’s objective is
the determination of the optimal set of bids to be accepted and the amount
of electricity to buy from each generator whose bid has been accepted, in the
attempt to pursue the u’s goal.

For the sake of clarity, we present the rules for determining the clearing
prices step by step (these can be found in [2]). Initially, we consider the situation
wherein there is a unique local region ri. Call Bri

the set of received bids and
B∗

ri
the set of accepted bids. Furthermore, call bmax,ri

the maximum bid in B∗

ri
.

By the rules governing the market, the clearing price in ri, denoted by pri
, is

equal to bmax,ri
. All the generators whose bids were accepted will be paid pri

per electricity unit they actually sell. When the number of local regions is larger
than one, the determination of the clearing price is more complicated. We need
to define the concept of macro local region. This concept is well defined once
the amounts of transported electricity are chosen. A macro local region M ⊆ R

is a maximum set of local regions such that the electricity transportation over
the links connecting any pair of local regions belonging to M is strictly lower
than the corresponding link’s capacity. Consider, for instance, Fig. 1. There are
four local regions and the electricity transportation over all the links is strictly
lower than the corresponding capacities. Therefore, there exists a unique macro
local region composed of all the four local regions. Consider now Fig. 2. We have
tr2,r3

= kr2,r3
, whereas the electricity transported over the other links is strictly

lesser than their capacities. Therefore, there are two macro local regions: the
first one is composed of {r1, r2}, while the second one is composed of {r3, r4}.
Given a macro local region M , all the local regions belonging to M have the
same clearing price and this is the maximum bid among those accepted in all
the local regions belonging to M ; formally, the maximum bmax,ri

for all ri ∈ M .
Given the above microeconomic model, two problems need to be addressed.

The first one is the determination of the optimal set of bids that u accepts. This
problem is commonly known in literature as winner determination problem and
a large number of works study it. However, the situation we are studying cannot
be reduced to those presented in literature because of the region based pricing
scheme. This pushes us to develop an ad-hoc algorithm. The second problem
to be addressed is the determination of the optimal strategies of the genera-
tors in the auction. We address these two problems in Section 3 and Section 4,
respectively.

3 A Greedy Winner Determination Algorithm

In this section, we provide a greedy algorithm for the determination of the opti-
mal set of bids to be accepted and the optimal electricity transportation in order
to minimize the clearing prices under the constraint that the customers’ demand
is entirely satisfied. The algorithm is optimal both when a unique macro local
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Fig. 1. An electricity market with four local regions (r1, r2, r3, r4) wherein tri,rj
s are

strictly lower than the related capacities kri,rj
s. The four local regions constitute a

unique macro local region (denoted by the dashed line). All the local regions have the
same clearing price.
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Fig. 2. An electricity market with four local regions (r1, r2, r3, r4) wherein tri,rj
s are

strictly lower than the related capacities kri,rj
s. There are two macro local regions

(denoted by the dashed line). Each local region within the same macro local region has
the same clearing price, while local regions belonging to different macro local regions
can have different clearing prices.

region is present in the market and when the number of local regions is larger.
The proof in the first case is trivial, while in the general case it is complicated
and is omitted (we report only the proof sketch in the description of the algo-
rithm). At first, we provide two algorithms for the winner determination within
a unique local region and within a macro local region keeping the transportation
equal to zero, respectively. These algorithms will return also the optimal clearing
prices in the two corresponding situations. Then we will present the algorithm
for the winner determination for the whole market.

Winner determination within a local region (WDR). The algorithm is greedy
because the problem is essentially a fractional knapsack problem [11]. The algo-
rithm ranks the bids in Bri

in increasing order and, in the case two or more bids
are equal, it ranks them in increasing order of the costs of the corresponding
generators. (We show in Section 4.1 that with different orderings there could be
no equilibrium.) If multiple generators have also the same costs, then the corre-
sponding bids are ranked randomly. The set B∗

ri
is computed iteratively as fol-

lows. At iteration h = 0, B∗

ri
is an empty set. At iteration h-th, B∗

ri
is composed

of the first h bids according to the above ordering. The algorithm stops either
when the sum of the capacities of the generators whose bids are in B∗

ri
are equal



to or larger than the demand Dri
(formally, Dri

≤
∑

h:bgh,ri
∈B∗

ri

Qgh,ri
) or when

B∗

ri
contains all the bids and demand is not satisfied (formally,

∑
h Qgh,ri

< Dri
).

In the first case, u buys the maximum amount of electricity from all generators
whose bids are accepted except from the one whose bid is bmax,ri

, i.e. the max-
imum bid in B∗

ri
. From this generator, u buys only the amount of electricity

needed to satisfy exactly the demand. The clearing price is equal to bmax,ri
. In

the second case, u buys the maximum amount of electricity from all generators.
Consider, for instance, Fig. 3: Dri

= 7, there are four generators whose bids
are bg1,ri

= 4, bg2,ri
= 2, bg3,ri

= 5, and bg4,ri
= 2.5 and whose capacities

are Qg1,ri
= 2.5, Qg2,ri

= 3, Qg3,ri
= 3.5, Qg4,ri

= 2, respectively. The bids are
ranked in increasing order and the accepted bids are bg1,ri

, bg2,ri
, and bg4,ri

. The
clearing price is pri

= 4. The quantities bought by u are qg1,ri
= 2, qg2,ri

= 3,
and qg4,ri

= 2.
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Fig. 3. Optimal accepted bids with a unique local region ri.

Winner determination within a macro local region without electricity trans-
portation (WDM). Easily, this algorithm calls the previous algorithm for each
local region belonging to the macro local region. The clearing price of the macro
local region is the maximum bmax,ri

among all ris belonging to the macro local
region.

Winner determination (WD). This algorithm develops in the following steps.
(Step 1) The whole set R of local regions is considered as a unique macro

local region, the transportation over every link is assumed to be equal to zero,
and the WDM algorithm is called. Once WDM algorithm returns a solution, we
check whether or not it allows one to satisfy the demand in each local region.
If there is at least one local region whose demand is not satisfied the algorithm
goes to Step 2, it goes to Step 3 otherwise.

(Step 2) The aim of this step is to rearrange the set of bids to be accepted
and the electricity amounts to be transported in order to satisfy entirely the
customers’ demand. If there exists at least a local region rj whose demand is
not satisfied, the algorithm tries to buy more electricity from other regions and
to transport it to rj . Iteratively, a pair (ri, rj) is chosen such that more electricity



will be purchased from ri and will be transported to rj . Local region rj is the
region with the minimum bmax,rj

among all the local regions whose demand is
not satisfied. We choose this local region as rj because its demand is the most
difficult to be satisfied and, if it cannot be satisfied, then no solution is feasible.
We denote by M the macro local region to which rj belongs. The rationale behind
the choice of ri is easy, while its implementation is complicated. The rationale
is to choose the local region that allows the satisfaction of the demands without
increasing any clearing price or minimizing the clearing price increment. The
implementation follows. Initially, we consider the local regions belonging to M

and we remove the connection between rj and the other local regions. This leads
to the formation of new macro local regions that we call complementaries of rj

in M . We denote a complementary by Ck
rj

where ∪kC
k
rj

∪ {rj} = M . We call

algorithm WDM on each single complementary Ck
rj

and we select the one with

the minimum clearing price. We denote it by Cmin
rj

. We call WDR algorithm

on each single local region belonging to Cmin
rj

and we select the local region
rz with the minimum bmax,rz

. If the generator whose bid is bmax,rz
is selling

less than its maximum capacities, then ri = rz. Otherwise, the remaining local
regions belonging to Cmin

rj
are considered in increasing order of bmax,rz

. If in all
these local regions the generators whose bids are bmax,rz

sell as much as their
capacities, then the other complementaries are considered in increasing order of
clearing prices calculated by WDM. Once the pair (ri, rj) is chosen, the amount
of transported electricity is the maximum one such that at least one of the
following four conditions holds:

1. demand Drj
is satisfied,

2. the generator whose bid is bmax,ri
is selling as much as its capacity,

3. the amount of transported electricity is equal to the amount of electricity
sold by the generator whose bid was bmax,rj

at the previous iteration,
4. the transportation over at least a link in the path connecting ri with rj is

equal to the maximum capacity of the corresponding link.

When the customers’ demand is entirely satisfied (formally, Drk
=

∑
h qgh,rk

+∑
j trj ,rk

for all rk) the algorithm goes to Step 3. Notice that when no pair can be
found with the above procedure, then no further electricity can be transported.
Therefore, if the demand of at least one region is not satisfied and no pair
(ri, rj) can be found, then the entire customers’ demand cannot be satisfied and
the algorithm stops.

(Step 3) The aim of this step is to rearrange the set of bids to be accepted
and the electricity amounts to be transported in order to minimize the clearing
prices keeping the customers’ demand satisfied. This step works exactly as Step 2
except for the choice of the local region rj in the pair (ri, rj). Local region rj is
the region with the maximum bmax,rj

(instead of the minimum) among all the
local regions whose demand is not satisfied subject to bmax,ri

≤ bmax,rj
. Here,

the rationale is to decrease the maximum clearing prices as much as possible.
The algorithm terminates when no pair (ri, rj) can be found. Notice that when
no pair can be found, no electricity can be transported reducing the clearing



prices. Therefore, when no pair can be found, the minimum clearing prices are
found.

4 Searching for Equilibria

4.1 Game Theoretical Analysis

In this section, we consider the auction as a non-cooperative game and we study
the problem of finding generators’ equilibrium strategies. Our interest is pri-
marily in pure strategy equilibria, being considered to be more satisfactory for
this setting [1, 12]. The literature provides a number of algorithms for the com-
putation of Nash equilibria [13], e.g., Lemke-Howson’s and Govindan-Wilson’s.
However, these algorithms produce mixed strategy equilibria and are applicable
only with finite games. This prevents their employment to our game where the
number of generators’ actions are infinite and equilibria to be found are in pure
strategies. In what follows, we game theoretically analyze our game showing
that:

1. there could be no equilibrium when the ranking employed by m in WDR is
different from that described in the previous section,

2. our game can be reduced to a finite game,
3. the reduced game always admits at least one equilibrium in pure strategies.

We study the first point. It is well known that any finite game admits at
least a Nash equilibrium in mixed strategies [8]. The same result does not hold
for games with infinite actions. For this class of games, assumptions on the
continuity of the utility functions are required [8]. In our game these assumptions
do not hold when m employs a winner determination policy different from that
discussed in Section 3. We state the following theorem.

Theorem 41 In WDR given a local region ri, if m does not rank the bids bgh,ri
s

in increasing price and the bids with the same price in increasing order of the
costs of the corresponding generators, then the game may not admit any Nash
equilibrium.

Proof. The proof is based on a counter-example. (It is similar to the proof of
equilibrium non-existence in Bertrand’s oligopoly with two firms whose costs are
different and where, given that the two firms make the same price, the customers
are not fully assigned to the firm with the lowest price [8].) Consider a setting
with two generators g1,g2, D = 5, cg1

= 0, cg2
= 1, and Qg1

= 6, Qg2
= 7.

When bids are ranked as prescribed in Section 3 (i.e., if bg1
= bg2

, then bg1
≺ bg2

because cg1
< cg2

), the unique Nash equilibrium prescribes bg1
= bg2

= 1. If
instead the ranking is the reverse, there is no equilibrium. Indeed, there is no
equilibrium when bg1

> cg2
, since g2’s best response is bg2

= bg1
− ε (with ε

arbitrarily small but different from 0) and, in turn, g1’s best response is bg1
=

bg2
− ε. There is no equilibrium when bg1

≤ cg2
, since there is not the optimal

bg1
. In a neighbor of bg1

= cg2
the g1’s utility function is not continuous. �



We study the second point. We show that we can limit the study of the
problem to the case wherein the generators’ bids belong to a finite discrete set.
We state the following theorem in the case of a unique local region.

Theorem 42 Every pure strategy equilibrium in a game with a local region ri

and a set G of generators is equivalent in terms of payoffs to a pure strategy equi-
librium in the reduced game wherein the bid bgh,ri

of each generator gh belongs
to {cgk,ri

: cgk,ri
≥ cgh,ri

} ∪ {RP}.

Proof. The proof develops in three steps. First, it can be easily observed that
each generator never bids a price lower than its cost. Thus, for each generator,
we can exclude all the prices that are strictly lower than its cost. Second, if there
exists a pure strategy equilibrium wherein all the generators sell electricity, then
it can be easily observed that the clearing price is RP . Otherwise, the generator
whose bid is bmax,ri

could improve its utility by raising its bid to RP . If there
exists a pure strategy equilibrium wherein at least a generator does not sell
any electricity, then the clearing price is the minimum cost, say cmin, of the
generators that are not selling. Otherwise, if the clearing price is larger than
cmin, then the seller whose cost is cmin could improve its utility by bidding
a price less than the clearing price and greater than its cost. Thus, we need
that the sets of possible bids of each generator contains at least the costs of all
the generators plus the reservation price. Third, given an equilibrium in pure
strategies, if a generator bids a price strictly lower than the clearing price, then
this equilibrium is equivalent in terms of payoffs to all the equilibria where such
generator bids prices strictly lower than the clearing price. This is because all
the generators have the same payoffs. All the bids except the generators’ costs
and RP can be excluded. �

The above theorem shows that the problem of finding equilibria in the original
game wherein each generator can bid a real-valued price can be reduced to the
problem of finding equilibria in a finite game. This is because “essentially” all
the equilibria in the original game are equilibria also in the reduced game.3

However, the vice versa does not hold, since the reduced game contains multiple
equilibria than the original one. Consider for instance a simple setting with two
generators g1, g2 and with cg1

= 0, cg2
= 0.2, RP = 1, Qg1

= 6, Qg2
= 7, D =

5. Fig. 4.(a) reports the generators’ payoffs as calculated by WD algorithm
discussed in Section 3 for the reduced game. Notice that there are two Nash
equilibria: (cg2

, cg2
) and (RP, RP ). However, in the original game (RP, RP ) is

not a Nash equilibrium, since g2 can make a bid belonging to the range (cg2
, RP )

and gain more than zero. This problem arises when the clearing price is exactly
the cost of a generator. In the reduced game, this generator is indifferent between
bidding its cost or something different. Instead, in the original game, the same
generator must bid exactly its cost. In order to avoid this problem, we use a
mathematical trick: in the reduced game for each generator gh we substitute
cgh

in the set of possible bids with cgh
+ ε where ε > 0 is arbitrarily small. As

3
With “essentially” we mean that the strategies that are part of equilibria in original game and
are not contained in the reduced game are equivalent in terms of payoffs to strategies that are of
equilibrium both in the original and in the reduced game.



Fig. 4.(b) shows, the introduction of this action removes the problem and makes
the original game and the reduced game equivalent.

g2

cg2
RP

cg1
0,0 0,0

g1 cg2
1,0 1,0

RP 0,0 5,0

(a)

g2

cg2
+ ε RP

cg1
+ ε 0+,0 0+,0

g1 cg2
1+,0 1,0

RP 0,0+ 5,0

(b)

Fig. 4. Payoffs in the reduced game without (a) and with (b) cgh
+ εs. Italic payoffs

denote Nash equilibria, x+ denotes x + δ where δ > 0 is very small.

We report the extension of Theorem 42 to settings with multiple local regions
(the proof is omitted, being similar to the proof of Theorem 42; the theorem holds
also in the presence of multiple macro local regions).

Theorem 43 Given a set R of local regions and a set G of generators, the
original game wherein the generators can make real-valued bids is equivalent to
the reduced game wherein the bid bgh,ri

of each generator gh belongs to {cgk,rl
:

cgk,rl
> cgh,ri

} ∪ {cgh,ri
+ ε, RP}.

This last result shows that we can safely limit the search for equilibria to the
reduced game preserving all the equilibria.

We study the third point. The game always admits at least a pure strategy
equilibrium. We prove it in the special case in which there are two generators op-
erating in a local region. The generalization for arbitrary settings is an extension
of the special case. We state the following theorem.

Theorem 44 The game with two generators operating in a unique local region
always admits at least a pure strategy equilibrium.

Proof. The bottom-line of the proof is: we normalize the payoff matrix and then
we show that the normalized game is degenerate. A degenerate game is equivalent
to a perfect-information extensive-form game and then it admits at least a Nash
equilibrium in pure strategies [14]. We limit the proof to the case wherein D <

Qg1
+ Qg2

and max{Qg1
, Qg2

} < D. In the other cases, the proof is analogous.
We notice that the g1’s action cg1

+ ε is strictly dominated and therefore can be
removed. As a result, we obtain a two-player game wherein each player has two
actions. The payoff matrix is reported in Tab. 1. In order to normalize it, we
consider the definition of normalized payoff matrix. Fig. 5 reports the relation
between a non-normalized payoff matrix (a) and a normalized one (b). A game
is said degenerate if at least one payoff among a − c, d − b, α − γ, and δ − β is
equal to zero. Therefore, since in our game d − b = 0, it is a degenerate game.
The thesis of the theorem follows. �



g2

cg2
+ ε RP

cg2
Qg1

(cg2
+ ε − cg1

), Qg1
(RP − cg1

),
g1 (D − Qg1

)ε (D − Qg1
)(RP − cg2

)
RP (D − Qg2

)(RP − cg1
), Qg1

(RP − cg1
),

Qg2
(RP − cg2

) (D − Qg1
)(RP − cg2

)

Table 1. Non-normalized payoff matrix in the case wherein D < Qg1
+ Qg2

and
max{Qg1

, Qg2
} < D.

g2

cg2
+ ε RP

g1 cg2
a, α b, γ

RP c, β d, δ

(a)

g2

cg2
+ ε RP

g1 cg2
a − c, α − γ 0, 0

RP 0, 0 d − b, δ − β

(b)

Fig. 5. Relation between a non-normalized (a) and a normalized (b) payoff matrix.

4.2 Solving Algorithms

In this section, we present two algorithms for computing Nash equilibria, we
experimentally evaluate them, and we discuss the produced equilibria.

Since our aim is the determination of pure strategy equilibria and the game
can be reduced to a finite game, we can resort to search techniques based on
best response. Specifically, we developed two algorithms based on best response
search with tabu list [10]. Best response search is easy: iteratively, it considers
a strategy profile σ = (σg1

, . . . , σgn
) and it checks whether or not σ is a Nash

equilibrium, and in the negative case it considers a new strategy profile σ
′. The

new strategy profile σ
′ is computed selecting an agent i, computing its best

response σ′

gi
given σ−i, and substituting σgi

in σ
′ with σ′

gi
. Since the best

response search can enter in infinite loops, a tabu list is employed to keep trace
of the checked strategy profiles and to avoid to consider them in future iterations.
As a consequence, the algorithm is guaranteed to terminate.

The first algorithm we developed, called static best response search (SBR),
entirely computes the matrix of agents’ payoffs by employing WD algorithm for
each possible strategy profile in the reduced game and subsequently employs
best response search with tabu list to find all the Nash equilibria. The compu-
tational time needed by SBR results very large even for searching for a single
Nash equilibrium and the most of the time is spent to build the payoff matrix
(see Tab. 2). This is mainly due to the large number of winner determination
problems that must be solved; the time needed for solving a single winner deter-
mination problem keeps relatively low. To overcome this problem, we developed
an alternative algorithm, called dynamic best response search (DBR), that dy-
namically builds the matrix of payoffs during the best response search with tabu
list (a similar approach was followed in [15]). DBR starts with an empty matrix
of payoffs, considers a strategy profile σ, computes only the payoffs needed to



check whether or not σ is a Nash equilibrium and, in the latter case, it con-
siders a new σ

′ as above. The result is a drastic reduction of time needed for
finding a single equilibrium as showed in Tab. 2. (The experimental results re-
ported in the table are averaged in 10 runs and were produced with a 1.4GHz
CPU and 512MBytes RAM under Matlab.) Although the time needed for the
computation of the entire payoff matrix rises exponentially in the size of the
problem, the time needed by DBS for finding a single equilibrium rises linearly.
Notice that the computational time needed by DBR for finding all the equilibria
is larger than that needed by SBR. This is because at each step DBR requires
the determination of the outcomes whose payoffs are to be computed. In future
works, we will consider the problem of lowering SBR computational time, trying
to reduce the number of possible bids available to the generators and to improve
WD algorithm.

setting SBR DBR

TC TC+first TC+all first all

m = 2, n = 2 0.26 0.26 0.26 0.04 0.26

m = 3, n = 2 7.88 7.88 7.94 0.37 7.96

m = 2, n = 3 13.42 13.43 13.68 0.24 13.87

m = 3, n = 3 314.65 314.70 374.58 0.58 463.58

Table 2. Computational times (in seconds) needed to find equilibria where m is the
number of local regions and n is the number of generators. SBR = static best response
search. TC = time needed for computing the entire the payoff matrix. TC+first =
as TC plus finding a Nash equilibrium. TC+all = as TC plus finding all the Nash
equilibria. DBR = dynamic best response search (‘first’ and ‘all’ refer to equilibria).

The above experimental results suggest that DBR can be employed to solve
the problem, while SBR can be employed in small settings to study the prop-
erties of the equilibria. From the experimental analysis of the Nash equilibria
computed by SBR, it emerges that the pure strategy equilibria can be of two
classes. We call monotonic the first class and non-monotonic the second class.
The two terms refer to the relation between the generators’ cost ordering and
bid ordering. The monotonic ordering class is such that for all i, j if cgi

< cgj

then bgi
≤ bgj

. Instead, in the non-monotonic ordering class there is at least a
pair i, j such that cgi

< cgj
and bgj

< bgi
. Equilibria belonging to both these two

classes can coexist in a single game. Their (co)existence depends on the values of
the parameters. Different equilibria can give generators different payoffs and, in
general, equilibria cannot be ranked by employing Pareto dominance, as they are
all Pareto efficient. In what follows, we report an example in which some equilib-
ria belong to the monotonic class and others belong to the non-monotonic class.
These equilibria present the same clearing prices, but give generators different
payoffs. The example is characterized by one local region r1, and three genera-
tors denoted by g1, g2, and g3. The marginal costs are cg1

= 0.1, cg2
= 0.2, and



cg3
= 0.3. The capacities of generators are Qg1

= 0.7, Qg2
= 0.2, and Qg3

= 0.2.
The EMM’s reservation price is RP = 0.4 and the cumulative customers’ de-
mand in the local region r1 is D = 1. We report one equilibrium for each class
and we discuss their differences and characteristics. We obtain an equilibrium
belonging the monotonic class when the generators’ bids are bg1

= 0.1, bg2
= 0.2,

and bg3
= 0.4. We can observe that bgi

≤ bgj
when cgi

< cgj
. We obtain an

equilibrium belonging the non-monotonic class when the generators’ bids are
bg1

= 0.4, bg2
= 0.2, and bg3

= 0.3. We can observe that, in this case, cg1
< cg2

and cg1
< cg3

but bg1
> bg2

and bg1
> bg3

. When the monotonic equilibrium is
played, the generators’ payoffs are ug1

= 0.21, ug2
= 0.04, and ug3

= 0.01, while
when the non-monotonic equilibrium is played, they are ug1

= 0.18, ug2
= 0.04,

and ug3
= 0.02. We deduce that different equilibria can give to the same genera-

tor different payoffs, and that the social welfare can be different too. The social
welfare (SW ) is the sum of all generators’ payoffs (SW =

∑
i ugi

) and when
the monotonic equilibrium is played SW = 0.26, while when the non-monotonic
equilibrium is palyed SW = 0.24. The clearing price of the two equilibria is the
same and is p = 0.4.

We briefly compare the equilibria in our model and those in the model pre-
sented in [1] according to our experimental results. First, in our model the equi-
libria can be more than one and can give generators different payoffs, while in [1]
there exists always a unique equilibrium. Second, all the equilibria in our model
present the same clearing prices, that may be different from those prescribed
by the unique equilibrium in [1]. Third, the implicit assumption, made in [1],
that all the generators are charged the same price does not hold in our model,
where some settings do not admit any equilibrium satisfying such assumption.
From these considerations, it follows that our extension captures more appropri-
ately than the model presented in [1] the strategic situation wherein generators
compete in the auction.

5 Conclusions and Future Works

In this paper, we focused on wholesale electricity markets based on a central
auction. Their deregulation produced a number of new economic opportunities.
Our interest lies in studying their automation by autonomous agents that nego-
tiate on behalf of humans in order to improve their efficiency. As it is customary
in agent-mediated electronic commerce, we resorted to microeconomic tools. We
considered the main market model for wholesale electricity markets based on a
central auction and we enriched it by introducing the model of a real-world auc-
tion mechanism. Then, we studied the winner determination problem for such
auction and we proposed a greedy algorithm for the determination of the optimal
set of bids to be accepted. We studied the auction as a non-cooperative game
wherein the players are the electricity generators and we proposed a solving al-
gorithm based on best response search for the computation of the equilibrium
strategies. The design of the solving algorithm has required a number of theo-
retical results for proving the existence of pure strategy equilibria and allowing



one to discretize the players’ action space. Finally, we provided an experimental
characterization of the equilibria and we showed that the introduction of the auc-
tion mechanism in the market model leads to equilibrium strategies drastically
different from those obtained in its absence.

In future, our intention is to extend the present work along three directions.
The first one is the improvement of the efficiency of the algorithms presented in
this paper both for the winner determination problem, resorting to operational
research algorithms, and for the equilibrium computation. The second one is the
equilibrium characterization by evolutionary game theory [14] in the attempt to
provide a criterion for the selection of the equilibria when multiple equilibria
exist. The third one is the study of the auction mechanism in the presence of
uncertain information both from a game theory perspective (e.g., [16]) and from
a mechanism design perspective [17]. In particular, we will study the property
of incentive compatibility in a real-world auction mechanism.
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